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The second part of this research is to present the ﬁeld-dependant dynamic property of a sandwich beam with con-
ductive skins and a soft core composed of a magnetorheological elastomer (MRE) part and two non-MRE parts. The
MRE part of the core is conﬁgured to operate in shear mode and hence the dynamic properties of the sandwich beam
can be controlled by magnetic ﬁelds due to the ﬁeld-dependant shear modulus of MRE material. According to the ana-
lytical solution for the magnetoelastic loads applied to conductive deformable bodies presented in the ﬁrst part, the
model of the proposed sandwich beam is developed via Hamilton principle. A simply supported MRE-based sandwich
beam excited by a vertical force distributed uniformly in a narrow region around the center of the beam is simulated.
The anti-resonant frequencies and the resonant frequencies are found to change with the applied magnetic ﬁeld up to
30%. The procedure to seek the optimal length of MRE part is also presented. Although MRE is a soft material with
shear modulus about 0.4 Mpa, this research indicates that the sandwich conﬁguration can well utilize the controllable
property of MRE to design applicable smart devices with controllable stiﬀness.
 2005 Published by Elsevier Ltd.
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Owing to regular chain-like structures formed by ferrous particles and embedded in rubber matrix, mag-
netorheological elastomer (MRE) is a composite with ﬁeld-dependant modulus. MRE is cured under strong
magnetic ﬁelds and hence the formed chain-like structures are orientated along the magnetic ﬁeld. When
magnetic ﬁelds are applied parallel to such chain-like structures in application, the bulk shear modulus0020-7683/$ - see front matter  2005 Published by Elsevier Ltd.
doi:10.1016/j.ijsolstr.2005.07.044
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Nomenclature
T kinetic energy
U strain energy
V work due to external forces and the magnetoelastic loads acting on the skins
d variation operator
qj (j = t, b, c) mass density of the top (t) and bottom (b) skins and the core (c), respectively
uj (j = t, b, c) longitudinal displacement in the top (t) and bottom (b) skins and the core (c)
wj (j = t, b, c) transverse displacement in the top (t) and bottom (b) skins and the core (c)
Vj (j = t, b, c) volume of the top (t) and bottom (b) skins and the core (c)
uoj (j = t, b) horizontal displacement of the mid-line of the top (t) and bottom (b) skins
woj (j = t, b) vertical displacement of the mid-line of the top (t) and bottom (b) skins
Zj (j = t, b) half thickness of the skins
Dj (j = t, b) thickness of the skins
rxxj (j = t, b, c) longitudinal normal stress in the top (t) and bottom (b) skins and the core (c)
exxj (j = t, b, c) longitudinal strain in the top (t) and bottom (b) skins and the core (c)
sxzc shear stress in the core
s abbreviation of sxzc, see Eq. (21)
cxzc shear strain in the core
qj (j = t, b) vertical external distributed forces at the top (t) and bottom (b) skins
nj (j = t, b) horizontal external distributed forces at the top (t) and bottom (b) skins
mj (j = t, b) moments external distributed loads at the top (t) and bottom (b) skins
fje (j = t, b) Lorenz body force inside the top (t) and bottom (b) skins
B0 modulus of the magnet induction of applied magnetic ﬁelds perpendicular to sandwich beams
l0 magnetic permeability in free spaces
lej (j = t, b) permeability of the top (t) and bottom (b) skins
nLorj ðj ¼ t; bÞ equivalent Horizontal force induced by Lorenz body force at the top (t) and bottom (b)
skins
mLorj ðj ¼ t; bÞ equivalent moments induced by Lorenz body force at the top (t) and bottom (b) skins
rmjzx ðj ¼ t; bÞ surface stress on the top (t) and bottom (b) skins caused by Maxwells stress jump
mMaxj equivalent moments induced by Maxwells stress jump at the top (t) and bottom (b) skins
nmj equivalent horizontal force induced by magnetoelastic loads at the top (t) and bottom (b)
skins. See Eq. (13a)
mmj equivalent moments induced by magnetoelastic loads at the top (t) and bottom (b) skins. See
Eq. (13b)
H width of the sandwich beam
L length of the sandwich beam
c thickness of the core
Sj (j = t, b, c) cross-sectional area of the top (t) and bottom (b) skins and the core (c)
Nxxj (j = t, b) average normal stress on the top (t) and bottom (b) skins. See Eq. (20)
Mxxj (j = t, b) average stress couples on the top (t) and bottom (b) skins. See Eq. (20)
Gc transverse shear modulus of the core
Ej (j = t, b, c) Youngs modulus of the top (t) and bottom (b) skins and the core (c)
Ij (j = t, b) ﬂexure moment of the top (t) and bottom (b) skins and the core (c)
kap apparent stiﬀness of a simply supported sandwich beam. See Eq. (42)
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J relative change of the apparent stiﬀness, kap, between zero-ﬁeld shear modulus and maximum
ﬁeld-induced shear modulus of the MRE core
x^ unit vector of x coordinate
x angular frequency
cMRE relative change of the shear modulus of the MRE part of the core induced by magnetic ﬁelds
*Remarks: ( )
0
, and ( )
00
denote the ﬁrst order derivative and second order derivative with respect to
time respectively; ( ),x denotes the partial derivative with respect to x coordinate; the super-
script ‘‘^’’ indicates the Fourier transform with respect to time
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the particles inside the chains (Zhou, 2003). Due to its stable, reversible and rapid responded ﬁeld-control-
lable characteristics, MRE is a much more promising material in developing semi-active devices.
MRE was introduced by Shiga (Shiga et al., 1995) and Jolly (Jolly et al., 1996) nearly 10 years ago when
many research eﬀorts were still paid on MRF and MRF-based damping devices. Previous researches on
MRE were focused on its ﬁeld-dependant shear modulus heavily. The ﬁeld-dependant shear modulus
was investigated experimentally by shearing MRE (Jolly et al., 1996; Ginder et al., 1999) on material test
system or measuring the vibration of sandwich cantilever (Demchuk and Kuzmin, 2002). Employing dipole
model and ﬁnite element method, Davis (1999) reported the maximum change of the dynamic shear mod-
ulus of MRE is about 50% which occurs when the volume fraction is 27%. This conclusion was veriﬁed
experimentally by Zhou through free vibration experiment (Zhou, 2003). Zhou further reported that such
ﬁeld-dependant shear modulus became null when the deformation frequency was beyond several hundreds
Hertz (Zhou, 2004). Devices utilizing such ﬁeld-dependant shear property were also introduced (Badolato
and Pawlowski, 2003; Zhou and Wang, 2005, in press). Recently, the relaxation behavior (Schlotter et al.,
2002; Zhou and Jiang, 2004) and dynamic tension behavior (Zhou and Li, 2003) of MRE were also re-
ported. Though MRE exhibits controllable and stable properties, it is rather soft and its zero-ﬁeld shear
modulus is as lower as 0.4 MPa (Davis, 1999). This does hinder its application since the area of the mag-
netic poles cannot be manufactured very large. Sandwich conﬁguration provides an alternative to apply the
ﬁeld-controllable property of MRE to engineering applications.
Sandwich beams have been in use for many years in industries, especially in aerospace engineering, due
to their high strength–mass ratio (Librescu and Hause, 2000). A typical construction of a beam consists of
two skins and a core. Numerous references can be found in literature covering the debonding problem (Fro-
stig, 1992), buckling problem (Librescu and Hause, 2000), and dynamic mechanical problem of curved
(Bozhevolnaya and Frostig, 1997) or non-curved beams (Frostig and Baruch, 1994). Many works proved
that the transverse ﬂexibility of the core aﬀects the overall behaviors of sandwich beams, such as stresses
and displacements (Librescu and Hause, 2000; Frostig and Baruch, 1994). Theories describing the bulk
property of sandwich beams based on diﬀerent assumptions of displacement ﬁelds inside cores have been
developed. In the references (Frostig, 1992; Frostig and Baruch, 1994), those theories were reviewed and
compared. Among these theories, the high-order theory developed by Frostig (Frostig and Baruch,
1994) was successful for the analysis of such sandwich beams with transversely ﬂexible cores. Thus, this the-
ory will be used for the present analysis.
As the further approach of the investigation on MRE-based sandwich beam with non-conductive skins
(Zhou andWang, 2005, in press), this article provides a fundamental analysis on how magnetic ﬁelds change
the dynamic property of the MRE-based sandwich beam with conductive skins. Diﬀerent from the case of
non-conductive skins, the magnetic ﬁeld will both change the mechanical property of MRE and generate
magnetoelastic loads subjected to the skins. Based on the analytical solution for the magnetoelastic loads
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boundary conditions for a general case will be presented. The shear modulus of the core is assumed to be
a distributing function along the longitudinal direction since theMRE part of the core is aﬀected by the mag-
netic ﬁeld while the non-MRE parts are not. Numerical results for a simply supported beam are presented to
study the ﬁeld-controllable dynamic property of the proposed sandwich beam excited by a vertical force at
the center of the beam. The procedure to seek the optimal length of the MRE part to yield maximum con-
trollable range of the bulk dynamic ﬂexure rigidity is also conducted. Since skins strengthen bulk ﬂexure
rigidities of sandwich beams, this sandwich conﬁguration would lead to applicable semi-active devices by
taking the advantage of ﬁeld-dependant property of MRE.2. Mathematical formulation
The proposed sandwich beam consists of two conductive skins and a soft core, which is composed of an
MRE part and two non-MRE parts. The MRE part is conﬁgured with the chain-like structures embedded
in the material perpendicular to the skins. The applied magnetic ﬁeld is parallel to such chain-like structures
and is perpendicular to the skins. Under dynamic deformations, motion-induced eddy current will be gen-
erated on the skins. Thus, the magnetic ﬁeld near the skins will be disturbed and magnetoelastic loads will
be applied to the skins. As a result, the bulk dynamic ﬂexure rigidity is aﬀected by the applied magnetic ﬁeld
through the ﬁeld-dependant shear modulus of the MRE part of the core and the magnetomechanical cou-
pling mechanism of the conductive skins. In our analysis, we assume the ﬁeld-disturbance due to motion-
induced eddy current on skins is extremely small compared with the applied magnetic ﬁeld. That is the
transverse shear modulus of the MRE part is only a function of the applied magnetic ﬁeld and the
MRE part. On the other hand, due to the bulk magnetic permeability of MRE is not very high, the mo-
tion-induced eddy current on the skins is only associated with the applied magnetic ﬁeld. In summary,
the above two assumptions indicates the ﬁeld-related mechanical property of the skins and the MRE part
can be analyzed separately. It should be mentioned the shear modulus of MRE changes linearly with the
strength of the magnetic ﬁeld till magnetic saturation occurs (Zhou, 2003, 2004). Thus, in the following
analysis, only the relative change of the shear modulus of the MRE part is used to denote the eﬀect of mag-
netic ﬁelds on the core.
The mathematical formulation consists of the derivation of the governing ﬁeld equations of motion and
the corresponding boundary conditions for conductive skins and ﬂexible core. They are derived through the
Hamilton principle by seeking the extremum of the Lagrangian that consists of the kinetic, strain energy
and the work caused by the external force and magnetoelastic loads. Figs. 1 and 2 present the illustration
of the proposed sandwich beams and the geometry for analysis. The Lagrangian expression for the sand-
wich is given asZ t2
t1
dðT þ U þ V Þdt ¼ 0 ð1Þwhere T is the kinetic energy, U is the strain energy, V is the work due to external forces and the magneto-
elastic loads acting on the skins, t is the time coordinate between t1 and t2, and d is the variation operator.
2.1. The kinetic energy
The ﬁrst variation of the kinetic energy for sandwich beam is expressed asdT ¼
Z
vt
ðqtu0tdu0t þ qtw0tdw0tÞdvþ
Z
vb
ðqbu0bdu0b þ qbw0bdw0bÞdvþ
Z
vc
ðqcu0cdu0c þ qcw0cdw0cÞdv ð2Þ
Fig. 2. Geometry of the proposed sandwich beam.
Fig. 1. Illustration of the proposed sandwich beam.
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(j = t, b, c) are the displacement in longitudinal and vertical direction, respectively, of the skins and the
core; the prime denotes the ﬁrst derivative respect to the time coordinate; Vj (j = t, b, c) is the volume of
the top and bottom skins and the core.
After conducting integration by parts with respect to the time coordinate and employing homogeneous
conditions for the displacement and velocity at t = t1, t2, the following relation for the ﬁrst variation of the
kinetic energy is obtainedZ t2
t1
dT dt¼
Z t2
t1
Z
vt
ðqtu00t dutþqtw00t dwtÞdvþ
Z
vb
ðqbu00bdubþqbw00bdwbÞdvþ
Z
vc
ðqcu00cducþqcw00cdwcÞdv
 
dt
ð3Þ
where ( )
00
denotes the second derivative with respect to time.
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loads to the skins rather than resisting them by itself. This consideration indicates the wave-like behavior in
the vertical and horizontal directions of the core is prevented. Thus, the acceleration and the velocity in the
vertical direction of the core are assumed to have the shape of the static deformation ﬁelds. The static dis-
placements ﬁeld throughout the height of the core is nonlinear, especially in the vicinity of concentrated
loads and supports. However, under distributed loads, these nonlinearities are so small that a linear distri-
bution can be used instead without loss of accuracy (Frostig and Baruch, 1994). It should be emphasized
that this simpliﬁcation is employed only for the inertial participation eﬀects of the core. Thus, the displace-
ment inside the core follows the following equations:w00c ðx; z; tÞ ¼
w00ob  w00ot
 
z
c
þ w00ot ð4aÞ
u00cðx; z; tÞ ¼
u00ob þ Zbw00ob;x  u00ot þ Ztw00ot;x
h i
z
c
þ u00ot  Ztw00ot;x ð4bÞwhere uoj and woj (j = t, b) are the horizontal and vertical displacement of the mid-line, respectively, of the
skins; Zj (j = t, b) is the half thickness of the skins; ( ),x denotes a derivative with respect to x.
2.2. The strain energy
The ﬁrst variation of the strain energy in terms of stress and strain is given asdU ¼
Z
vt
rxxtdexxt dvþ
Z
vb
rxxbdexxb dvþ
Z
vt
rzzcdezzc þ 2sxzcdcxzcð Þdv ð5Þwhere rxxj and exxj (j = t, b, c) are the longitudinal normal stress and strains, respectively; sxzc and cxzc are
the shear stress and shear strain in the core.
The kinematics relations for the skins, assuming small linear deformations, areexxj ¼ uoj;x  zjwoj;xx ðj ¼ t; bÞ ð6Þwhere zj (j = t, b) is the local coordinate of the skins.
The kinematics relations for the core areezzc ¼ wc;z ð7aÞ
cxzc ¼
1
2
ðuc;z þ wc;xÞ ð7bÞwhere ( ),z denotes a derivative with respect to z.
2.3. The work by external forces
The ﬁrst variation of the external energy can be expressed asdV ¼ 
Z L
0
ðqtdwt þ ntdut þ mtdwt;x þ qbdwb þ nbdub þ mbdwb;xÞdx ð8Þwhere qj, nj and mj (j = t, b) are the vertical, horizontal and moments external distributed loads respectively
at the top (t) and bottom (b) skins.
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The magnetoelastic loads, referring to the Lorenz body force and the surface force caused by the Max-
wells stress jump on the surface of the conductive skins, will be subjected to the vibrating conductive skins
due to the motion-induced eddy current. When the vibrating skin is exposed to the applied magnetic ﬁeld
perpendicularly, the Lorenz body force and the surface force caused by the jumps of the Maxwells stress
tensor on the surface have been obtained analytically in the ﬁrst part of the research. The results will be
listed below.
For a thin-beam immersed in an applied steady magnetic ﬁeld along the thickness direction, the induced
magnetic ﬁeld inside the perfectly electro-conductive medium isfje ¼ B
2
0
lej
ðuoj;xx  zjwoj;xxxÞx^ ð9Þwhere f je (j = t, b) is the Lorenz body force, lej (j = t, b) is the permeability of the skins, and B0 is the mod-
ulus of the magnetic induction of the applied magnetic ﬁeld, which is perpendicular to the sandwich beam.
The Lorenz body force will induce horizontal force and moments distributed loads as follows:nLorj ¼
B20HDj
lej
uoj;xx ð10aÞ
mLorj ¼ 
B20H
lej
D3j
12
woj;xxx ð10bÞThe stress on the surface of the beam, which is caused by the jumps of Maxwells stress tensor, is given asrmjzx ¼
B20
l0
p
2 ln xLx
uoj;x  Dj
2p
woj;xx ln
x
L xþ woj;x
 
ð11Þwhere rmjzx ðj ¼ t; bÞ is the shear stress on the upper and lower skin respectively.
The surface force will induce moments distributed loads, which aremMaxj ¼
B20HDj
l0
p
2 ln
x
L x
uoj;x  Dj
2p
woj;xx ln
x
L xþ woj;x
0
B@
1
CA ð12ÞThus, the magnetoelastic loads applied to the conductive beam will be equivalent to the following horizon-
tal force distribution and the distributed moments are expressed asnmj ¼ nLorj ¼
B20HDj
lej
uoj;xx ð13aÞ
mmj ¼ mMaxj þ mLorj
¼ B
2
0HDj
l0
p
2 ln
x
L x
uoj;x  Dj
2p
woj;xx ln
x
L xþ woj;x
0
B@
1
CA B20H
lej
D3j
12
woj;xxx ð13bÞ2.5. The governing equation
The governing equations are derived by substituting the above Eqs. (2–13) into Eq. (1). After conducting
integration by parts with respect to x and z and some mathematical operations and algebraic manipula-
tions, the governing equations are obtained as
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Scqcu
00
ob
6
þ Db
12
Scqcw
00
ob;x þ
Scqcu
00
ot
3
 DtScqcw
00
ot;x
6
þ qtStu00ot  nmt  nt  Hsxzc 0ð Þ  Nxxt;x ¼ 0 ð14Þ
du0b :
Scqcu
00
ob
3
þ ScqcDbw
00
ob;x
6
þ Scqcu
00
ot
6
 Scqc
Dt
12
w00ot;x
þ qbSbu00ob  nmb  nb þ Hsxzc cð Þ  Nxxb;x ¼ 0 ð15Þ
dw0t : Scqc
Dt
12
u00ob;x þ Scqc
DtDb
24
w00ob;xx þ Scqc
Dtu00ot;x
6
 Scqc þ qtStð Þ
D2t
12
w00ot;xx
þ Scqc
3
þ qtSt
 
w00ot þ Scqc
w00ob
6
 qt þ mmt;x þ mt;x
 Hrzzc 0ð Þ  Hsxzc;x 0ð ÞDt
2
Mxxt;xx ¼ 0 ð16Þ
dw0b : 
ScqcDbu
00
ob;x
6
 Scqc þ qbSbð Þ
D2b
12
w00ob;xx 
Db
12
Scqcu
00
ot;x þ
DbDt
24
Scqcw
00
ot;xx
þ Scqc
3
þ qbSb
 
w00ob þ
Scqcw
00
ot
6
 qb þ mmb;x þ mb;x
þ Hrzzc cð Þ  Hsxzc;x cð ÞDb
2
Mxxb;xx ¼ 0 ð17Þ
dwc : rzzc;z þ sxzc;x ¼ 0 ð18Þ
duc : sxzc;z ¼ 0 ð19Þwhere H is the width of the sandwich beam, Dj (j = t, b) are the thickness of the top and bottom skin; Sj
(j = t, b, c) are the cross-sectional area of the top and bottom skins and the core respectively; Nxxj andMxxj
(j = t, b) are the average normal stress and stress couples deﬁned byNxxj ¼ H
Z zj
zj
rxxj dz and Mxxj ¼ H
Z zj
zj
rxxjzdz ð20ÞThe shear stress in the core, from Eq. (19), is uniform through the height of the core and is only the function
of x coordinate. Thus, s is just a function of x and can be expressed bys x; zð Þ ¼ s xð Þ ð21Þ
The constitutive equations of the core aresðxÞ ¼ Gccxzc and rzzc ¼ Ecwc;z ð22Þ
where Gc and Ec are the shear modulus and Youngs modulus of the core respectively.
It should be stressed for MRE material, the transverse shear modulus is a function of applied magnetic
ﬁeld when the deformation frequency is under 300 Hz (Zhou, 2004) while the Youngs modulus changes
slightly in such frequency range (Zhou and Li, 2003). Since we only consider the case of deformation fre-
quency under 300 Hz, Gc is a function of x while Ec is a constant.
Through Eqs. (18) and (22), the normal stress inside the core can be obtained asrzzcðz ¼ 0Þ ¼ Ecðwob  wotÞc þ
s;x
2
c ð23Þ
rzzcðz ¼ cÞ ¼ Ecðwob  wotÞc 
s;x
2
c ð24Þ
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Mxxj ¼ EjIjwoj;xx ð26Þwhere EjIj ¼ HEj D
3
j
12
(j = t, b) is the ﬂexural rigidities.
By substituting Eqs. (23)–(26) into Eqs. (14)–(17), the dynamic governing equations of a sandwich beam
with soft core can be expressed in terms of the vertical deformations, wot and wob, the horizontal deforma-
tions, uot and uob, and the shear stress in the core, s. Thus, there are four linear diﬀerential equations but
with ﬁve independent functions. The additional equation, derived from Eqs. (18) and (19) by using Eq. (22),
readss
Gc
c s;xxc
3
12Ec
 cþ Db
2
wob;x  cþ Dt
2
wot;x  uob þ uot ¼ 0 ð27ÞThe solution for a simply supported sandwich beam governed by Eqs. (14)–(17) and (27) will be presented
in the next subsection.
2.6. Solution for simply supported beam
Applying Fourier transform to the above ﬁve equations yieldsx2 Scqc
3
þ qtSt
 
u^otx
2Scqcu^ob
6
H s^þx2DtScqcw^ot;x
6
x2Db
12
Scqcw^ob;xEtStu^ot;xx ¼ n^t þ n^mt ð28Þ
x2 Scqcu^ot
6
x2 Scqc
3
þ qbSb
 
u^obþH s^þx2Scqc
Dt
12
w^ot;x
x2 ScqcDbw^ob;x
6
EbSbu^ob;xx ¼ n^bþ n^mb ð29Þ
 x
2Scqc
3
þx2qtStH
Ec
c
 
w^ot x
2Scqc
6
þH Ec
c
 
w^obx2Scqc
Dtu^ot;x
6
x2Scqc
Dt
12
u^ob;x
 cþDt
2
H s^;xþ Scqcþ qtStð Þ
D2t
12
w^ot;xx x2Scqc
DtDb
24
w^ob;xx þEtI tw^ot;xxxx ¼ q^t m^mt;x  m^t;x ð30Þ
 x2 Scqc
6
þH Ec
c
 
w^ot x2 Scqc
3
þx2qbSbH
Ec
c
 
w^obþx2 ScqcDb
6
u^ob;x þx2Db
12
Scqcu^ot;x
H cþDb
2
s^;xx2DbDt
24
Scqcw^ot;xxþx2 Scqcþ qbSbð Þ
D2b
12
w^ob;xx þEbIbw^ob;xxxx ¼ q^b m^mb;x m^b;x ð31Þ
u^ot u^ob þ cGc s^
cþDt
2
w^ot;x  cþDb
2
w^ob;x  c
3
12Ec
s^;xx ¼ 0 ð32Þwhere the superscript ‘‘^’’ denotes the Fourier transformed function and x is the angular frequency.
The boundary conditions for a simply supported beam are listed below. The vertical displacement of the
skins at the two ends should be zero, which yieldsw^oj x ¼ 0ð Þ ¼ 0 ð33aÞ
andw^ojðx ¼ LÞ ¼ 0 ð33bÞ
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From Eq. (13b), the boundary condition at the two ends is thus derived1þ 6DjB
2
0
l0pEjD
2
j
ln
x
L x
 !
o2w^oj
ox2
¼ 12B
2
0
l0EjD
2
j
ow^oj
ox
 B
2
0
lejEj
o3w^oj
ox3
ð34Þ(rewrite it as ‘‘because’’ cannot me a main sentence) To satisfy the above equation, the following conditions
must be enforced:w^oj;xx x ¼ 0ð Þ ¼ 0 ð35aÞ
andw^oj;xxðx ¼ LÞ ¼ 0 ð36bÞ
And the average normal stresses of the skin at the two ends should be balanced by the Lorenz force, which
yieldsu^oj;x x ¼ 0ð Þ ¼ B
2
0HDj
lejEj
u^oj;xx x ¼ 0ð Þ ð37aÞandu^oj;xðx ¼ LÞ ¼ B
2
0HDj
lejEj
u^oj;xxðx ¼ LÞ ð38bÞSince B0 < 1 T, the coeﬃcient of
B2
0
HDj
lejEj
would be extremely small such that the right-hand-side of the above
two equations can be neglected. Thus, we haveu^oj;x x ¼ 0ð Þ ¼ 0 ð39aÞ
andu^oj;xðx ¼ LÞ ¼ 0 ð39bÞ
From Eqs. (30) and (32), the boundary of the conductive skins exposed to (do not understand) ﬁeld per-
pendicularly can be replaced by that of a pure (simply is one word) supported beam.
The normal stresses on the side surfaces at x = 0 and x = L should be zero, which yieldss^;xðx ¼ 0Þ ¼ 0 ð40aÞ
ands^;xðx ¼ LÞ ¼ 0 ð40bÞ
By the boundary condition of Eqs. (33), (35), and (39), series expression for the displacement distribution of
the sandwich beam with simply supported boundary conditions at the skins can be expressed as follows:u^ot ¼
X1
k¼1
autck cos
kpx
L
ð41aÞ
u^ob ¼
X1
k¼1
aubck cos
kpx
L
ð41bÞ
w^ot ¼
X1
k¼1
awtsk sin
kpx
L
ð41cÞ
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X1
k¼1
awbsk sin
kpx
L
ð41dÞ
s^ ¼
X1
k¼1
asck cos
kpx
L
ð41eÞwhere ajkðj ¼ utc; ubc;wts;wbs; scÞ are coeﬃcients.
The coeﬃcients in Eqs. (41a)–(41e) can be obtained through Eqs. (28)–(32) by Galerkin method.3. Numerical simulations
In the following numerical simulations, the dimensions and material properties of the sandwich beam are
given as follows. The width of the beam, H, is set to be 0.1L; the thicknesses of the top and bottom skins, Dt
and Db, are all set to be 0.1 mm; The Youngs modulus of the skins, Et and Eb, are 72 GPa; the densities of
the skins, qt and qb, are 2700 kg/m
3; the zero-ﬁeld shear modulus of MRE and the shear modulus of the
non-MRE soft core are 0.388 MPa; the shear modulus of MRE is assumed to be changed up to 60% of
zero-ﬁeld value by the applied magnetic ﬁeld, which follows the material parameter of MRE in Davis study
(Davis, 1999); the Youngs modulus of the MRE part, which is assumed to be unchanged with the applied
magnetic ﬁeld (Zhou and Li, 2003), and the non-MRE part are set to be 1.7 MPa; the density of the core,
including MRE part and the non-MRE part, is 1100 kg/m3; the thickness of the core is 2 mm. The simu-
lations will be focused in the frequency rang of 0 Hz 6 x
2p 6 300 Hz because the ﬁeld-depended character-
istic of shear modulus of MRE vanishes as frequency goes higher (Zhou, 2004).
All the external forces are set to be zero except the vertical force subjected to the top skin, qt. qt is further
assumed to be a harmonic force distributing uniformly in the interval of L
2
 L
2000
6 x 6 L
2
þ L
2000
. Thus, the
displacements and the shear stress in the core can be obtained through the above analysis.
The ﬁrst 20 terms in series expression of Eqs. (32) and (33) are employed in the simulation. The apparent
stiﬀness at x ¼ L
2
, which is the center of external force distribution, can be deﬁned bykap cGMRE;xð Þ ¼
F^ xð Þ
w^ot x; L2
 	











 ð42Þwhere F^ ðxÞ is the Fourier transform of the applied vertical force; cGMRE is the magnetic-induced relative
change of the shear modulus of MRE core located at xl 6 x 6 xr. It should be stressed kap is the only
parameter used in our study to reveal the controllability of the proposed sandwich beam.
The maximum value of cGMRE is 0.6 occurring at the magnetic saturation. To simplify our simulation,
the magnetic saturation inside the MRE is assumed to occur at B0 = 1 T. This assumption is reasonable
since it agrees well with the material parameter of MRE used in our previous experimental works (Zhou,
2003, 2004). Before magnetic saturation, B0 is found to be associated with cGMRE linearly (Zhou, 2003).
Thus, cGMRE can be used to denote the magnetic ﬁeld induction hereafter.
Fig. 3 presents the curves of log10kap against
x
2p at diﬀerent cMRE, when L = 15 cm and the core are as-
sumed to be composed of MRE completely. The three curves are associated with cMRE = 0, cMRE = 0.3 and
cMRE = 0.6 respectively. On the curves, the peaks denote the anti-resonant frequencies, where the induced
vertical displacement at x ¼ L
2
approaches zero, and the lower-most points denote the resonant frequencies,
where the induced vertical displacement at x ¼ L
2
goes toward inﬁnite. In other words, the stiﬀness of the
beam at x ¼ L
2
is much higher at anti-resonant frequency and is much lower at resonant frequency. From
the curves, the anti-resonant frequencies and the resonant frequencies both increase with the shear modulus
of MRE core. The maximum change of the anti-resonant frequencies and the resonant frequencies is above
Fig. 3. The apparent stiﬀness kap at diﬀerent shear modulus of MRE for the beam with L = 15 cm and c = 2 mm.
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of the sandwich beam.
The magnetoelastic loads and the change of the shear modulus of MRE core both aﬀect the dynamic
property of the sandwich beam. The following simulation is to reveal the major eﬀect. The size of the sand-
wich beam is still the same with the above simulation. In Fig. 4, the line marked by pentagon represents the
curve of log10kap at B0 = 1 T when the magnetoelastic loads are considered; while the line marked by circle
represents the curve of log10kap at B0 = 1 T when the magnetoelastic loads are not considered. From the
two curves, it can be seen that the eﬀect of the magnetoelastic loads on the change of the dynamic property
of the sandwich beam is very small. Thus, the change of the shear modulus of MRE is the major eﬀect on
the increase of the ﬂexure rigidity of the sandwich beam.
Now, the eﬀect of the length of the MRE core on the controllable dynamic property of the sandwich
beam will be addressed. The MRE core is centered at the mid-point of the beam because of the symmetry
of the conﬁguration. To seek the eﬀect of the length of the MRE core, the ﬂowing index is deﬁned:J
xr  xl
L
; L
 
¼
Rþ1
0
kap 0:6;xð Þ  kap 0;xð Þ
 2
dxRþ1
0
kap 0;xð Þ
 2
dx
ð43ÞJ denotes the relative change of the apparent stiﬀness, kap, between zero-ﬁeld shear modulus and maximum
ﬁeld-induced shear modulus of MRE core. This index is a function of the length of the MRE core and the
length of the beam and the maximum of this index presents the maximum of the controllability. Thus, this
index can be used to reveal the eﬀect of the length of the MRE core on the controllability of the sandwich
Fig. 4. The eﬀect of the magnetoelastic loads for the proposed sandwich beam with L = 15 cm and c = 2 mm when B0 = 1 T: (a)
Panorama; (b) zoom of part A.
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Fig. 5. The MRE-induced relative change of the apparent stiﬀness curve against the length of the core (L = 15 cm and c = 2 mm).
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results is caused by only 20 terms in series expression used in Galerkin method. Thus, the simulation results
are ﬁtted by a fourth order polynomial. It can be seen J decreases monotonously with L xrxlL . Thus, the
maximum controllability occurs when the MRE core composes the soft core completely. The cases of
L = 10 cm and L = 12 cm are all simulated and the curves of J are all with the above characteristic.
With the above discussion on the eﬀect of the length of MRE core on the controllable property of the
proposed sandwich beam, the soft core of the sandwich beam is assumed to be composed of MRE com-
pletely in the following simulations. Figs. 6(a) and 7(a) present the distribution of log10kap in the
cGMRE  x2p domain for the sandwich beam with L = 10 cm and L = 15 cm respectively. Figs. 6(b) and
7(b) are the corresponding top-views. From the ﬁgures, both the anti-resonant frequencies (see the lines
marked by the symbol without subscription) and resonant frequencies (see the lines marked by the symbol
with the subscription ‘‘b’’) increase with cMRE. These results reaﬃrm the increase of the magnetic ﬁeld will
increase the ﬂexure rigidity of the sandwich beam.4. Conclusions
The dynamic property of a sandwich beam, composed of conductive skins and soft core with both MRE
and non-MRE parts, is studied. Due to the controllable shear property of the core and the magnetoelastic
loads on the conductive skins, the dynamic performance of the sandwich beam and the stiﬀness of the beam
will be enhanced by the applied magnetic ﬁeld. According to the analytical solution on magnetoelastic loads
Fig. 6. The distribution of apparent stiﬀness in the cGMRE  x2p domain for the beam with L = 10 cm: (a) the 3D distribution; (b) the
top-view.
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Fig. 7. The distribution of apparent stiﬀness in the cGMRE  x2p domain for the beam with L = 15 cm: (a) the 3D distribution; (b) the
top-view.
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G.Y. Zhou, Q. Wang / International Journal of Solids and Structures 43 (2006) 5403–5420 5419of a thin vibrating beam, the model based on Hamilton principle for the proposed sandwich beam is pre-
sented and numerical simulations on a simply supported beam are conducted. In the simulations, the ver-
tical external force on the upper skin distributed in an extremely narrow region around the center of the
beam is examined. The apparent stiﬀness at the center of the beam is utilized to reveal the controllability
of the proposed sandwich beam. From simulations, the following conclusions for the beam have been
found:
1. For the sandwich beam with high length-thickness ratio, the highest controllability of the sandwich beam
occurs when the core is composed of MRE completely.
2. The ﬂexure rigidity of the MRE-based sandwich beam increases with the applied magnetic ﬁeld.
3. The change of the dynamic property of the sandwich beam is mainly caused by the change of the shear
modulus of MRE.
4. The resonant frequencies and anti-resonant frequencies increase with the applied magnetic ﬁeld up to
30% before magnetic saturation occurs.
5. For the sandwich beam with skins thicker than 0.1 mm, such as the cases in our simulation, the ﬁeld-
induced change of the dynamic property is mainly caused by the ﬁeld-dependant shear modulus of
MRE.
The above conclusions reveal that the proposed sandwich beam exhibits promising controllable
property. Since the bulk stiﬀness of the sandwich can be widely increased by the applied magnetic ﬁeld,
the proposed sandwich beam holds potentials for developing applicable semi-active devices for vibration
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